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Vertex representation of quantum N -toroidal algebra for type C
Naihuan Jing, Zhucheng Xu, and Honglian Zhang⋆
ABSTRACT. QuantumN -toroidal algebras are generalizations of quantum affine algebras and quan-
tum toroidal algebras. In this paper we construct a level-one vertex representation of the quantum
N -toroidal algebra for type C. In particular, we also obtain a level-one module of the quantum
toroidal algebra for type C as a special case.
1. Introduction
The N -toroidal Lie algebra is the universal central extension of the loop algebra g ⊗ C[t±11 ,
· · · , t±1N ] associated to the simple Lie algebra g. The most important subclasses are the 1-toroidal
or the affine Kac-Moody algebra ĝ and the 2-toroidal Lie algebra or simply the toroidal Lie algebra.
It is well-known that the affine Kac-Moody algebra is the one-dimensional universal central exten-
sion of the loop algebra, while the N -toroidal Lie algebra (N ≥ 2) is an infinite-dimensional cen-
tral extension of the loop algebra. Extensive studies have been done on representations of toroidal
Lie algebras (cf. [26], [27] etc.), for instance, the vertex representations of the toroidal Lie alge-
bras T (g) were constructed by Moody-Rao-Yokonuma [26] in simply laced types, generalizing the
Frenkel-Kac construction [8].
As generalization of the quantum affine algebras, quantum toroidal algebras were introduced
[12] in the study of geometric Langlands conjecture to algebraic surfaces. As quantum affiniza-
tion, representations and structures of the quantum affine algebras have been studied first for finite-
dimensional representations (cf.[2],[3],[14] etc.) and then the vertex representations (cf. [6], [16],
[17], [18], [19], [20], [21] etc.). Varagnolo and Vasserot [30] proved a Schur-Weyl duality between
the quantum toroidal algebras Uq(gtor) and Cherednik’s double affine Hecke algebras. The vertex
representations of the quantum toroidal algebras in type A were constructed [28] as analogues of
the Frenkel-Jing construction [6] of the quantum affine algebras, and then the basic (vertex) rep-
resentations of the quantum toroidal algebras in the simply laced types were constructed [7] via
the McKay correspondence. In a series of papers [23, 24, 25], Miki studied the structures of the
quantum toroidal algebra Uq(gtor) exclusively in type A. Vertex operator realization of the quantum
toroidal algebra Uq(gtor) of type A was given in terms of the basic module for the affine Lie algebra
gˆlN [9]. Much in depth work was done for the quantum toroidal algebras of type A (including the
two parametric deformation) [4] [5], Yangians of toroidal types [11] [13] and also in the viewpoint
of quantum affinization [15]. In spite of all these, it is still some away from full understanding of
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the quantum toroidal algebras in type A, and even less is known for the representation theory of
other types.
Recently, quantumN -toroidal algebras have been introduced by Gao, Jing, Xia, and Zhang [10]
as natural generalization of the quantum toroidal algebras by replacing the 2-torus with theN -torus.
The new quantum algebras can be realized as quotient algebras of the quantum GIM algebras [22],
which generalize Slodowy’s GIM algebras in connection with algebraic geometry [29, 1]. This
offers a new perspective to understand quantum toroidal algebras. As nontrivial realization, vertex
representations of the quantum N -toroidal algebras for simply-laced types have been constructed
in [10], generalizing [6].
The goal of this paper is to construct a level-one module for the quantum N -toroidal algebra
of type Cn, which provides new example of realization of the algebra for non-simply laced types
and a model to understand enlargement of the torus. Unlike the simply laced types [6], the vertex
operators coming from the internal quantum Heisenberg subalgebra do not satisfy the Drinfeld
commutation relations in the non-simply laced types. As in quantum affine algebras [20], we need
to incorporate an auxiliary bosonic field to the vertex operator associated to each simple short root of
the underlying Lie algebra. In our construction, one sees thatN − 1 copies of the affine Heisenberg
algebra stand at the common underlying lattice to represent additional dimensions in the torus and
similarly the auxiliary Heisenberg subalgebra also bears similar property. In the proof, we try to
offer more details on those special for non-simply laced situations.
The paper is organized as follows. In section 2, we recall the definition of the quantum N -
toroidal algebra for type Cn via generating functions. We construct the Fock space and vertex
operators in section 3. In the last section, we state our main result of the construction and prove in
detail that the module realizes the quantum N -toroidal algebra in type Cn at level one.
2. Quantum N -toroidal algebra Uq(gN,tor)
In the paper, we always assume that g is the simple Lie algebra of type Cn (n ≥ 3). We review
the notion of the quantum N -toroidal algebra Uq(gN,tor) of type Cn in this section. For this, we
start with some notations and data of the Lie algebra g. Let I = {0, · · · , n}, I0 = {1, · · · , n} and
Ia = {1, . . . , n− 1}.
Set Rn as the real Euclidean space with the inner product ( | ) and fix an orthogonal basis
{e1, . . . , en} such that (ei|ej) =
1
2δij . The root system of g is spanned by the simple roots αi,
where αi = ei − ei+1(i = 1, . . . , n − 1), αn = 2en. So (αi|αi) = 1 for 1 ≤ i ≤ n − 1 and
(αn|αn) = 2. Then the weight lattice and root lattice of g are respectively
P˙ = {
∑n
i=1 kiei|ki ∈ Z},
Q˙ = {
∑n
i=1 kiαi|ki ∈ Z}.
Denote by gˆ the affine Lie algebra associated to g, let δ be the null root of gˆ satisfying (αi|δ) =
0 = (δ|δ), i ∈ I0, where the invariant bilinear form ( | ) on gˆ extends that of g. The set of simple
roots for the root system of the affine Lie algebra gˆ (in type C
(1)
n ) is given by
Π = {α0, α1, · · · , αn},
where α0 = δ − 2α1 − 2α2 − · · · − 2αn−1 − αn. The affine root and weight lattices are
Q =
n∑
i=0
Zαi, P =
n∑
i=0
ZΛi,
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where Λi are defined by Λi(α
∨
j ) = δij and Λi(d) = 0 for the gradation d. Here α
∨
j =
2αj
(αj ,αj)
for i ∈ I . Then the affine Cartan matrix A = (aij) is given by aij = (αj |α
∨
i ) for i, j ∈ I . So
diaij = (αi|αj) = djaji and A is symmetrized by the diagonal matrixD = diag(di|i ∈ J), where
(d0, d1, · · · , dn) = (1,
1
2 , · · · ,
1
2 , 1) for type C
(1)
n .
As Lie algebra, the affine Lie algebra gˆ takes the form of the central extension of the loop
algebra g⊗C[t±1], that is, gˆ = g⊗C[t, t−1]⊕Cc with the bracket [x⊗ ta, y⊗ tb] = [x, y]⊗ ta+b+
a(x|y)δa+b,0c, where x, y ∈ g, a, b ∈ Z and c is a nonzero central element.
For generic q, we set qi = q
di , i ∈ I . Fix N ≥ 2, let J = {1, · · · , N − 1} and es =
(0, · · · , 0, 1, 0, · · · , 0) the s-th standard unit vector of the (N − 1)-dimensional lattice ZN−1.
The general vector of ZN−1 will be denoted by k = (k1, k2, · · · , kN−1), and 0 is the (N − 1)-
dimensional zero vector. For the formal variable z = (z1, · · · , zN−1), denote z
k =
N−1∏
s=1
zkss .
We also need formal generating functions in the variables z and z, for instance, we set for each
s ∈ J
δ(z) =
∑
k∈Z
zk, x±i (z) =
∑
k∈ZN−1
x±i (k)z
−k, x±i,s(zs) =
∑
ks∈Z
x±i (kses)z
−ks
s ,
φ
(s)
i (z) =
∑
m∈Z+
φ
(s)
i (m)z
−m, ϕ
(s)
i (z) =
∑
n∈Z+
ϕ
(s)
i (−n)z
n.
Two versions of quantum numbers will be used in the paper. For a real number a, the q-analog
of a is defined by (a; q)∞ =
∏∞
k=0(1 − aq
k). The quantum integer is defined as [n]q =
qn−q−n
q−q−1
and the q-binomial numbers are
[
m
n
]
= [m]![m−n]![n]! .
DEFINITION 2.1. [10] The quantum N -toroidal algebra Uq(gN,tor) is the associative algebra
with unit 1 generated by γs
± 1
2 , s ∈ J and the coefficients of the generating functions x±i (z),
φ
(s)
i (zs), ϕ
(s)
i (zs), i ∈ I satisfying the relations below:
γ
± 1
2
s are central such that γ
1
2
s γ
− 1
2
s = 1,(2.1)
φ
(s)
i (0)ϕ
(s′)
j (0) = ϕ
(s′)
j (0)φ
(s)
i (0) = 1,(2.2)
φ
(s)
i (zs)φ
(s′)
j (ws′) = φ
(s′)
j (ws′)φ
(s)
i (zs), ϕ
(s)
i (zs)ϕ
(s′)
j (ws′) = ϕ
(s′)
j (ws′)ϕ
(s)
i (z),(2.3)
gij
(
zs w
−1
s γs
)δs,s′
ϕ
(s)
i (zs)φ
(s′)
j (ws′) = gij
(
zs w
−1
s γ
−1
s
)δs,s′
φ
(s′)
j (ws′)ϕ
(s)
i (zs),(2.4)
ϕ
(s)
i (zs)x
±
j (w)ϕ
(s)
i (zs)
−1 = gij
( zs
ws
γ
∓ 1
2
s
)±1
x±j (w),(2.5)
φ
(s)
i (zs)x
±
j (w)φ
(s)
i (zs)
−1 = gij
(ws
zs
γ
∓ 1
2
s
)∓1
x±j (w),(2.6)
lim
z→w
[x±i,s(z), x
±
i,s′(w)] = 0, for s 6= s
′,(2.7)
(z − q±(αi|αj)w)x±i,s(z)x
±
j,s(w) = (q
±(αi|αj)z − w)x±j,s(w)x
±
i,s(z),(2.8)
[x+i,s(z), x
−
j,s(w) ] =
δij
qi − q
−1
i
(
φ
(s)
i (wγ
1
2
s )δ(
wγs
z
)− ϕ
(s)
i (wγ
− 1
2
s )δ(
wγ−1s
z
)
)
,(2.9)
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where φ
(s)
i (r) and ϕ
(s)
i (−r) (r ≥ 0) such that φ
(s)
i (0) = Ki and ϕ
(s)
i (0) = K
−1
i are defined by:
∞∑
r=0
φ
(s)
i (r)z
−r = Ki exp
(
(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (ℓ)z
−ℓ
)
,
∞∑
r=0
ϕ
(s)
i (−r)z
r = K−1i exp
(
−(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (−ℓ)z
ℓ
)
,
Sym
z1,...,zm
m=1−aij∑
k=0
(−1)k
[m
k
]
i
x±i,s(z1) · · · x
±
i,s(zk)x
±
j,s(w)x
±
i,s(zk+1)x
±
i,s(zm) = 0,(2.10)
lim
zk→w
3∑
k=0
(−1)k
[3
k
]
i
x±i,s(z1)) · · · x
±
i,s(zk)x
∓
i,s′(w)x
±
i,s(zk+1) · · · x
±
i,s(z3) = 0, s 6= s
′ ∈ J,(2.11)
where g±ij(z) :=
∑
n∈Z+
c±ijnz
n is the Taylor series expansion of g±ij(z) = (
zq
aij
i −1
z−q
aij
i
)±1 at z = 0 in
C.
Alternatively, the quantum algebra has the following equivalent definition [10].
DEFINITION 2.2. The quantum N -toroidal algebra Uq(gN,tor) is a complex unital associative
algebra with generators x±i (k), a
(s)
i (r), K
±
i and γ
± 1
2
s (i ∈ I, s ∈ J, k ∈ ZN−1, r ∈ Z/{0}) and
the following relations:
γ
± 1
2
s are central, K
±1
i and a
(s)
j (r) commute with each other,(2.12)
[ a
(s)
i (r), a
(s′)
j (l) ] = δs,s′δr+l,0
[ r aij ]i
r
γrs − γ
−r
s
qj − q
−1
j
,(2.13)
Kix
±
j (k)K
−1
i = q
±aij
i x
±
j (k),(2.14)
[ a
(s)
i (r), x
±
j (k) ] = ±
[ r aij ]i
r
γ
∓ |r|
2
s x
±
j (res+k),(2.15)
[x±i (kes), x
±
i (les′) ] = 0, for s 6= s
′ and kl 6= 0,(2.16)
[x±i ((k + 1)es), x
±
j (lses) ]q±(αi,αj ) + [x
±
j ((ls + 1)es), x
±
i (kes) ]q±(αi,αj) = 0,(2.17)
[x+i (kes), x
−
j (les) ] = δij
(γ k−l2s φ(s)i ((k + l))− γ l−k2s ϕ(s)i ((k + l))
qi − q
−1
i
)
,(2.18)
where φ
(s)
i (r) and ϕ
(s)
i (−r) (r ≥ 0) are defined by
∞∑
r=0
φ
(s)
i (r)z
−r
s = Ki exp
(
(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (ℓ)z
−ℓ
)
,
∞∑
r=0
ϕ
(s)
i (−r)z
r
s = K
−1
i exp
(
−(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (−ℓ)z
ℓ
)
,
VERTEX REPRESENTATION OF QUANTUM N -TOROIDAL ALGEBRA FOR TYPE C 5
Sym
k1,...,km
m=1−aij∑
t=0
(−1)t
[m
t
]
i
x±i (ktes) · · · x
±
i (ktes)x
±
j (ℓes)x
±
i (kt+1es) · · · x
±
i (kmes) = 0,(2.19)
3∑
k=0
(−1)k
[3
k
]
i
x±i (esm1) · · · x
±
i (esmk)x
∓
i (es′ℓ)x
±
i (esmk+1) · · · x
±
i (esm3) = 0,(2.20)
for i ∈ I0 andm1m2m3ℓ 6= 0, s 6= s
′ ∈ J.
Here [m]i = [m]qi and the q-bracket is defined by [a, b]u
.
= ab− uba.
REMARK 2.3. Relation (2.10) or (2.19) is void for i = j, asm = −1 in this case. The defining
relations (2.17) to (2.20) are written in terms of the components x±i (kes). Using relation (2.15), we
can obtain the relations for the generators x±i (k).
REMARK 2.4. By relations (2.13), (2.15) and (2.18), we have more identities as follows. It
follows from (2.18) that
a
(s)
i (1) = K
−1
i γ
1/2
s [x
+
i (0), x
−
i (es) ], a
(s′)
i (−1) = Kjγs′
−1/2 [x+i (−es′), x
−
i (0) ].
Using the first relation to expand the bracket [a
(s)
i (1), a
(s′)
j (−1)] we obtain for s 6= s
0 = [ a
(s)
i (1), a
(s′)
j (−1) ] = K
−1
i γ
1
2
s [ [x
+
i (0), x
−
i (es)], a
(s′)
j (−1) ]
= K−1i γ
1
2
s
(
[ [x+i (0), a
(s′)
j (−1)], x
−
i (es) ] + [x
+
i (0), [x
−
i (es), a
(s′)
j (−1)] ]
)
= [−aij ]iK
−1
i γ
1
2
s
(
γ
− 1
2
s′ [x
+
i (−es′), x
−
i (es)]− γ
1
2
s′ [x
+
i (0), x
−
i (es − es′)]
)
.
Therefore,
[x+i (0), x
−
i (es − es′)] = γ
−1
s [x
+
i (−es′), x
−
i (es)].
Similarly expanding the bracket by using the second relation, we also get that
0 = [ a
(s)
i (1), a
(s′)
j (−1) ] = Kjγ
− 1
2
s′ [ a
(s)
i (1), [x
+
j (−es′), x
−
j (0)] ]
= Kjγ
− 1
2
s′
(
[ [a
(s)
i (1), x
+
j (−es′)], x
−
j (0) ] + [x
+
j (−es′), [a
(s)
i (1), x
−
j (0)] ]
)
= [aij ]iKjγ
− 1
2
s′
(
γ
− 1
2
s [x
+
j (es − es′), x
−
j (0)]− γ
1
2
s [x
+
j (−es′), x
−
j (es)]
)
.
So,
[x+j (es − es′), x
−
j (0)] = γ
−1
s [x
+
j (−es′), x
−
j (es)].
3. Fock space and vertex operators
We construct the Fock space and vertex operators for the quantumN -toroidal algebra Uq(gN,tor)
for type Cn in this section.
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3.1. Fock space. Let Q˜ be an identical copy of the root lattice of type An−1, or the lattice of
short roots in g, so Q˜ = ⊕n−1i=1 Zα˜i. We equipQ[An−1] with the inner product (α˜i|α˜j) = (αi|αj) =
δij −
1
2δ|i−j|,1.
We also adopt the nondegerate bilinear form ( | ) on the lattice ZJ defined by
(3.1) (i|j) =
{
−1 i 6= j
0 i = j
,
where the elements of J are written as {1, 2, · · · , N − 1}.
Let H be the quantum Heisenberg Lie algebra generated by a
(s)
i (n) (n ∈ Z
×, i ∈ I, s ∈
J), ai(0) and b
(s)
i (n), bi(0) (n ∈ Z
×, i ∈ Ia, s ∈ J) satisfying:
[a
(s)
i (m), a
(s
′
)
j (l)] = δs,s′δm,−l
[aijm]i
m
qm − q−m
qj − q
−1
j
,
[b
(s)
i (m), b
(s
′
)
j (l)] = δs,s′δm,−l
[(α˜i|α˜j)m]
m
[m],
[a
(s)
i (m), b
(s′)
j (l)] = 0,
[ai(0), a
(s
′
)
j (m)] = [bi(0), b
(s
′
)
j (m)] = 0,
wherem, l ∈ Z×, s, s′ ∈ J and i, j ∈ I or Ia depending on a
(s)
i (m) or b
(s)
i (m).
Let S(H−) be the symmetric algebra generated by {a
(s)
i (−m), b
(s)
j (−m)|m ∈ N, i ∈ I, j ∈
Ia, s ∈ J}. We define the Fock space
V = S(H−)⊗ C[Q]⊗ C[Q˜]⊗ C[ZJ ],
where C[Q˜] = C[ ⊕
i∈Ia
Za˜i] is the group algebra of Q˜, and similarly for C[Q] and C[ZJ ].
The space V becomes a natural H-module by letting a
(s)
i (−m), b
(s)
i (−m) (m > 0) act as
multiplication operators, and a
(s)
i (m), b
(s)
i (m) (m > 0) as differentiation operators subject to the
Heisenberg relations.
Define the operators ai(0), bj(0), s(0) (i ∈ I, j ∈ Ia, s ∈ J) and e
α, eα˜, es (α ∈ C[Q], α˜ ∈
C[Q˜], s ∈ ZJ) act on V by
ai(0)e
λeλ˜et = (αi|λ)e
λeλ˜et, bj(0)e
λeλ˜et = (α˜j |λ˜)e
λeλ˜et, s(0)eλeλ˜et = (s|t)eλeλ˜et,
eαeλeλ˜ = eα+λeλ˜et, eα˜eλeλ˜ = eλeα˜+λ˜et, eseλeλ˜ = eαeλ˜es+t,
where λ ∈ C[Q], λ˜ ∈ C[Q˜], t ∈ C[ZJ ].
Let z be a complex variable, the above implies that
zai(0)eλeλ˜et = z(αi|λ)eλeλ˜et, zbj(0)eλeλ˜et = z(α˜j |λ˜)eλeλ˜et, zs(0)eλeλ˜et = z(s|t)eλeλ˜et.
We introduce the sign operators εi on V such that
εiεj = (−1)
2(αi|αj)εjεi, for all 1 ≤ i, j ≤ n− 1,
εiεj = (−1)
(αi|αj)εiεj , i or j = 0, n,
(εi)
2 = 1, ∀ i.
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We remark that these operators can be constructed from a cocycle on the abelian group Zn+12 .
3.2. Normal order. The normal order : : is defined as usual:
: a
(s)
i (m)a
(s)
j (n) : =
{
a
(s)
i (m)a
(s)
j (n), m ≤ n,
a
(s)
i (n)a
(s)
j (m), m > n,
: eαai(0) : = : ai(0)e
α := eαai(0),
: eα˜bi(0) : = : bi(0)e
α˜ := eα˜bi(0),
: ess′(0) : = =: s′(0)es := ess′(0),
and similarly for b
(s)
i (m). For commuting operators a
(s)
i (m), a
(s′)
i (m) the normal order product is
the usual product.
It is easy to see that ai(0), bj(0), s(0), e
αj , eα˜k , es
′
commute with each other except that
[ai(0), e
αj ] = (αi|αj)e
αj , [bj(0), e
α˜k ] = (α˜j |α˜k)e
α˜k , [s(0), es
′
] = (δss′ − 1)e
s′ .
3.3. Vertex operators. Following [20], we introduce the main vertex operators of Uq(gN,tor)
as follows. First we define the normal order product : : of the vertex operators by moving the
annihilation operators like a
(s)
i (k), b
(s)
j (k) (k > 0) etc. to the right and keep the sign operators εi
in the order inside (for : XY : and like).
For i ∈ I, j ∈ Ia, s ∈ J and ǫ = ±, we define
Y ±i,s(z) = exp
(
±
∞∑
k=1
a
(s)
i (−k)
[k/di]i
q∓
k
2 zk
)
exp
(
∓
∞∑
k=1
a
(s)
i (k)
[k/di]i
q∓
k
2 z−k
)
e±αiz±ai(0)+diεi
=: exp
(
∓
∞∑
k 6=0
a
(s)
i (k)
[k/di]i
q∓
|k|
2 z−k
)
: e±αiz±ai(0)+diεi,
Y ±i (z) =: exp
(
∓
N−1∑
s=1
∞∑
ks 6=0
a
(s)
i (ks)
[ks/di]i
q∓
|ks|
2 z−kss
)
: e±αi
∏
s∈J
z±ai(0)+dis εi,
X±jǫ,s(z) =: exp
(
∞∑
k 6=0
(
∓
q∓
|k|
2 z−k
[k/dj ]j
a
(s)
j (k)− ǫ
(q
ǫ
2 z)−k
[k]
b
(s)
j (k)
))
:
·e±αj+ǫα˜j±sz±aj(0)+ǫbj(0)+1q
bj (0)
2
±s(0)(−1)(1∓ǫ)bj (0)εj ,
X±jǫ(z) =: exp
(
N−1∑
s=1
∞∑
ks 6=0
(
∓
q∓
|ks|
2 z−ks
[ks/dj ]j
a
(s)
j (ks)− ǫ
(q
ǫ
2 zs)
−ks
[ks]
b
(s)
j (ks)
))
:
·e±αj+ǫα˜j±s
N−1∏
s=1
z
±aj(0)+ǫbj(0)+1
s q
bj(0)
2
±s(0)(−1)(1∓ǫ)bj (0)ε
(s)
j ,
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Φ
(s)
i (z) = q
ai(0) exp
(
(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (ℓ)z
−ℓ
)
,
Ψ
(s)
i (z) = q
−ai(0) exp
(
−(qi−q
−1
i )
∞∑
ℓ=1
a
(s)
i (−ℓ)z
ℓ
)
.
Note that we have used ε
(s)
i to mean the action of εi on the subspace indexed by s. Therefore
Xǫ
′
iǫ,s(z) =: exp
(
−
∞∑
k 6=0
(
ǫ′
q−ǫ
′ |k|
2 z−k
[k/dj ]j
a
(s)
i (k) + ǫ
(q
ǫ
2 z)−k
[k]
b
(s)
i (k)
))
:
·eǫ
′αi+ǫα˜i+ǫ
′szǫ
′ai(0)+ǫbi(0)+1q
bj (0)
2
+ǫ′s(0)(−1)(1−ǫ
′ǫ)bi(0)εi.
PROPOSITION 3.1. The operator product expansions (OPE) are given for i, j ∈ I , k, l ∈
{1, · · · , n− 1}, ǫ, ǫ′ ∈ {±} and s ∈ J as follows.
Y ǫi,s(z)Y
ǫ′
j,s(w) =: Y
ǫ
i,s(z)Y
ǫ′
j,s(w) :
1, (αi|αj) = 0,
(z − wq−(ǫ+ǫ
′)/2)±ǫǫ
′
, (αi|αj) = ±1,
(z − wq1−(ǫ+ǫ
′)/2)ǫǫ
′
(z −wq−1−(ǫ+ǫ
′)/2)ǫǫ
′
, (αi|αj) = 2,
f(z − wq−
ǫ+ǫ′
2 )ǫǫ
′
, (αi|αj) = −
1
2 .
(3.2)
Xǫkǫ1,s(z)X
ǫ′
lǫ2,s(w) =: X
ǫ
kǫ1,s(z)X
ǫ′
lǫ2,s(w) :
1, (αk|αl) = 0,
(z − q−(ǫ+ǫ
′)/2w)ǫǫ
′
(qǫ1/2z − qǫ2/2w)ǫ1ǫ2 , (αk|αl) = 1,
f(z − q−
ǫ+ǫ′
2 w)ǫǫ
′
f(q
ǫ1
2 z − q
ǫ2
2 w)ǫ1ǫ2(−1)(1−ǫǫ1)/2, (αk|αl) = −
1
2 ,
(3.3)
Xǫkǫ1,s(z)X
ǫ′
kǫ2,s′(w) =: X
ǫ
kǫ1,s(z)X
ǫ′
kǫ2,s′(w) : z
ǫǫ′+ǫ1ǫ2 , for s 6= s′,(3.4)
where f(a− x) = (xq
3/2/a;q2)∞
(xq1/2/a;q2)∞
a−1/2 a q-analog of the infinite series (a− x)−1/2 at x = 0 [17].
Y ǫi,s(z)X
ǫ′
kǫ,s(w) =: Y
ǫ
i,s(z)X
ǫ′
kǫ,s(w) : (z − q
−(ǫ+ǫ′)/2w)−ǫǫ
′
, (αi|αk) = −1,(3.5)
Xǫkǫ,s(z)Y
ǫ′
i,s(w) =: X
ǫ
kǫ,s(z)Y
ǫ′
i,s(w) : (z − q
−(ǫ+ǫ′)/2w)−ǫǫ
′
, (αi|αk) = −1.(3.6)
REMARK 3.2. The normal order product : Xǫkǫ1,s(z)X
ǫ′
lǫ2,s
(w) : contains the term (−1)
1−ǫǫ1
2
bk(0)
(−1)
1−ǫ′ǫ2
2
bl(0). Also (−1)2bk(0) = 1.
PROOF. It is enough to check (3.2), as (3.3) can be obtained similarly. Five cases need to be
considered: (αi|αj) = 0, 1,−1, 2 and −
1
2 . Since all verifications are similar, we just give the case
of (αi|αj) = 1. It is clear that
Y ǫi,s(z)Y
ǫ′
i,s(w) =: Y
ǫ
i,s(z)Y
ǫ′
i,s(w) : exp
(
−
∑
n≥1
[ǫǫ′n]
n[n]
(
w
zq(ǫ+ǫ′)/2
)n
)
zǫǫ
′
=: Y ǫi,s(z)Y
ǫ′
i,s(w) : (z − wq
−(ǫ+ǫ′)/2)ǫǫ
′
.
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
4. Vertex representation of Uq(gN,tor)
The purpose of this section is to give the main result and the proof.
THEOREM 4.1. The map π from Uq(gN,tor) to End(V) defined by
π(Ki) = q
ai(0), π(a
(s)
i (m)) = a
(s)
i (m), π(γs) = q,
π(φ
(s)
i (z)) = Φ
(s)
i (z), π(ϕ
(s)
i (z)) = Ψ
(s)
i (z),
π(x±j,s(z)) = X
±
j,s(z) =
∑
ǫ∈{±}
X±jǫ,s(z), π(x
±
j (z)) = X
±
j (z) =
∑
ǫ∈{±}
X±jǫ(z),
π(x±k,s(z)) = X
±
k,s(z) = Y
±
k,s(z), π(x
±
k (z)) = X
±
k (z) = Y
±
k (z),
i ∈ I, j ∈ Ia = {1, · · · , n− 1}, k ∈ {0, n} gives a representation of Uq(gN,tor).
REMARK 4.2. Since our construction already obeys the relations (2.1)-(2.4), we only need to
check the relations (2.5)-(2.9).
4.1. Proof of relations (2.5) and (2.6). As relation (2.6) is similar to relation (2.5), it is
enough to check relation (2.5). In fact, by moving Ψ
(s)
i (zs) across Y
+
j (w) we have that
Ψ
(s)
i (zs)Y
+
j (w)
= q−(αi|αj) exp(
∑
l>0
q
−laij
i − q
laij
i
l
(
q−
1
2 zs
ws
)l)Y +j (w)Ψ
(s)
i (zs)
= gij
( zs
ws
q−
1
2
)
Y +j (w)Ψ
(s)
i (zs).
4.2. Proof of relation (2.7). We just show relation (2.7) for the short roots, i.e. i ∈ Ia. For
s 6= s′, we have that
X+i,s(z)X
+
i,s′(w) =
∑
ǫ1,ǫ2
: X+iǫ1,s(z)X
+
iǫ2,s′
(w) : z1+ǫ1ǫ2 .
Therefore limz→w[X
+
i,s(z),X
+
i,s′(w)] = 0.
4.3. Proof of relation (2.8). There are five cases to consider: (αi|αj) = 0,−
1
2 ,±1, and 2.
The first and the last are trivial.
Now let (αi|αj) = −1, by (3.2)-(3.3) it follows that
X±n−1,s(z)X
±
n,s(w) =: X
±
n−1,s(z)X
±
n,s(w) : (z − q
∓1w)−1.
Since : X−n−1,s(z)X
−
n,s(w) := − : X
−
n,s(w)X
−
n−1,s(z) :, we get that
(z − q∓1w)X±n−1,s(z)X
±
n,s(w) = (q
∓1z − w)X±n,s(w)X
±
n−1,s(z).
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Take the case (αi|αj) = −
1
2 , i, j ∈ Ia. Note that f(a− x)q→q−1 = f(a− x) and
f(a− x)f(a− q−1x) =
(xq
3
2/a; q2)∞
(xq
1
2/a; q2)∞
(xq
1
2 /a; q2)∞
(xq−
1
2 /a; q2)∞
a−1 = (a− q−
1
2x)−1,(4.1)
f(a− q−1x)
f(a− qx)
=
(xq
1
2 /a; q2)∞
(xq−
1
2/a; q2)∞
(xq
3
2 /a; q2)∞
(xq
5
2 /a; q2)∞
=
a− q
1
2x
a− q−
1
2x
.(4.2)
It follows from (3.2)-(3.3) that
X+i,s(z)X
+
j,s(w) =
∑
ǫ1,ǫ2
: X+iǫ1,s(z)X
+
jǫ2,s
(w) : f(z − q−1w)f(zq
ǫ1
2 − wq
ǫ2
2 )ǫ1ǫ2(−1)
1−ǫ1
2 .
Using (4.1)-(4.2) we have that
(z − q−
1
2w)X+i,s(z)X
+
j,s(w) =: X
+
i+X
+
j+ : q
− 1
4− : X+i−X
+
j− : q
1
4
+ : X+i+X
+
j− : (q
1
4 z − q−
1
4w)− : X+i−X
+
j+ : (q
− 1
4 z − q
1
4w)
= (q−
1
2 z − w)X+j,s(w)X
+
i,s(z),
where we have used the fact that : X+iǫ1(z)X
+
jǫ2
(w) := − : X+jǫ2(w)X
+
iǫ1
(z) : or εiεj = −εjεi.
4.4. Proof of relation (2.9). To prove (2.9) is to check that
[X+i,s(z),X
−
j,s(w) ] =
δij
qi − q
−1
i
(
Φ
(s)
i (wq
1
2 )δ(
wq
z
)−Ψ
(s)
i (wq
− 1
2 )δ(
wq−1
z
)
)
.
Note that the case of (αi|αi) = 2 was known in type A, so we will check the cases (αi|αi) = 1
and (αi|αj) = −
1
2 to show the new situation.
For i ∈ Ia, writing : X
+
iǫX
−
jǫ′ :=: X
+
iǫ,s(z)X
−
jǫ′,s(w) : etc., by (3.2)-(3.3) we have that
X+i,s(z)X
−
i,s(w) =: X
+
i+X
−
i+ : q
1
2+ : X+i+X
−
i− : (z − w)
−1(q
1
2 z − q−
1
2w)−1
+ : X+i−X
−
i+ : (z − w)
−1(q−
1
2 z − q
1
2w)−1+ : X+i−X
−
i− : q
− 1
2 .
Modifying the normal order to •X±i (z)X
±
j (w)• by excluding zw, we get that
[X+i,s(z),X
−
i,s(w)] = •X
+
i+,s(z)X
−
i−,s(w) •
1
q
1
2 − q−
1
2
(δ(
w
z
)− δ(
q−1w
z
))
+ •X+i−,s(z)X
−
i+,s(w) •
1
q
1
2 − q−
1
2
(δ(
qw
z
)− δ(
w
z
))
=
1
qi − q
−1
i
(
Φ
(s)
i (wq
1
2 )δ(
qw
z
)−Ψ
(s)
i (wq
− 1
2 )δ(
q−1w
z
)
)
,
where we have used the property of the δ-function and the fact that
•X+i+,s(z)X
−
i−,s(qz)• = Φ
(s)
i (q
1/2z), •X+i−,s(z)X
−
i+,s(q
−1z)• = Ψ
(s)
i (q
−1/2z),
•X+i+,s(z)X
−
i−,s(z)• = •X
+
i−,s(z)X
−
i+,s(z) • .
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For the case (αi|αj) = −
1
2 , recalling (3.3) and (4.1) we obtain that
X+i,s(z)X
−
j,s(w) = : X
+
i+X
−
j− : (q
1
4 z − q−
1
4w)− : X+i+X
−
j+ : (q
− 1
4 z − q
1
4w)
+ : X+i−X
−
j− : q
− 1
4− : X+i−X
−
j+ : q
1
4 .
X−j,s(w)X
+
i,s(z) = : X
−
j−X
+
i+ : (q
− 1
4w − q
1
4 z)− : X−j+X
+
i+ : (q
1
4w − q−
1
4 z)
+ : X−j−X
+
i− : q
1
4− : X−j+X
+
i− : q
− 1
4 .
Thus for (αiαj) = −1/2, we have [X
+
i,s(z),X
−
j,s(w)] = 0 due to εiεj = −εjεi.
4.5. Proof of relation (2.10). We will check some cases of a0,1 = −1 = an,n−1, as the other
cases are similar. By (3.2)-(3.3) we have that
X+0,s(z1)X
+
0,s(z2)X
+
1ǫ,s(w)
=: X+0,s(z1)X
+
0,s(z2)X
+
1ǫ,s(w) :
(z1 − z2)(z1 − q
−2z2)
(z1 − q−1w)(z2 − q−1w)
.
Subsequently
X+0,s(z1)X
+
0,s(z2)X
+
1ǫ,s(w)− (q + q
−1)X+0,s(z1)X
+
1ǫ,s(w)X
+
0,s(z2) +X
+
1ǫ,s(w)X
+
0,s(z1)X
+
0,s(z2)
= F ·
(
(w − q−1z1)(w − q
−1z2) + [2](z2 − q
−1w)(w − q−1z1) + (z1 − q
−1w))(z2 − q
−1w)
)
= F · (q − q−1)w(z2 − q
−2z1),
where F =
:X+0,s(z1)X
+
0,s(z2)X
+
1ǫ,s(w):∏
i
(zi−q−1w)(w−q−1zi)
(z1 − z2)(z1 − q
−2z2). Observe that F · (z2 − q
−2z1) is
antisymmetric in zi, so the Serre relation holds in this case.
When aij = −1 = aji (i, j ∈ Ia), it follows from (3.2)-(3.3) that
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
jǫ,s(w) − [2]iX
+
iǫ1,s
(z1)X
+
jǫ,s(w)X
+
iǫ2,s
(z2) +X
+
jǫ,s(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)
=: X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
jǫ,s(w) : (z1 − q
−1z2)(z1q
ǫ1/2 − z2q
ǫ2/2)ǫ1ǫ2(
f(z1 − q
−1w)f(q
ǫ1
2 z1 − q
ǫ
2w)ǫ1ǫ · f(z2 − q
−1w)f(q
ǫ2
2 z2 − q
ǫ
2w)ǫ2ǫ(−1)1−
ǫ1+ǫ2
2
+[2]if(z1 − q
−1w)f(q
ǫ1
2 z1 − q
ǫ
2w)ǫ1ǫ · f(w − q−1z2)f(q
ǫ
2w − q
ǫ2
2 z2)
ǫ2ǫ(−1)1−
ǫ1+ǫ
2
+f(w − q−1z1)f(q
ǫ1
2 z1 − q
ǫ
2w)ǫ1ǫ · f(w − q−1z2)f(q
ǫ
2w − q
ǫ2
2 z2)
ǫ2ǫ(−1)1−
ǫ+ǫ1
2
)
.(4.3)
We claim that the above is antisymmetric with respect to the indices, i.e. under the action:
z1 → z2, ǫ1 → ǫ2, which will immediately imply the Serre relation in this case. In fact, there are
8 subcases to verify. We check one complicated subcase (ǫ1, ǫ2, ǫ) = (+,−,+). Then the above
expression (4.3) is simplified to
: X+i+,s(z1)X
+
i−,s(z2)X
+
j+,s(w) :
(z1 − q
−1z2)(q
1
2 z1 − q
− 1
2 z2)
−1∏
i
(zi − q
− 1
2w) · (w − q−
1
2 z1)
(q
1
2 − q−
1
2 )w(z2 − q
−1z1),
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where we have used the following identity [20]:
(w − az1)(w − az2) + (a+ a
−1)(z1 − aw)(w − az2) + (z1 − aw)(z2 − aw)
= (a−1 − a)w(z1 − a
2z2).
Similarly, (4.3) at (ǫ1, ǫ2, ǫ) = (−,+,+) is equal to
: X+i−,s(z1)X
+
i+,s(z2)X
+
j+,s(w) :
(z1 − q
−1z2)(q
− 1
2 z1 − q
1
2 z2)
−1∏
i
(zi − q
− 1
2w) · (w − q−
1
2 z2)
(q
1
2 − q−
1
2 )w(z2 − q
−1z1).
This means that (4.3) is indeed antisymmetric under z1 → z2, ǫ1 → ǫ2. Therefore we have proved
that for i, j ∈ Ia, (αi|αj) = −1/2
Sym
1↔2
(
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
jǫ,s(w)− [2]iX
+
iǫ1,s
(z1)X
+
jǫ,s(w)X
+
iǫ2,s
(z2)
+X+jǫ,s(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)
)
= 0.
Now we consider the case of a1,0 = −2 = an−1,n. By Prop. 3.1 we have that
X+1ǫ1,s(z1)X
+
1ǫ2,s
(z2)X
+
1ǫ3,s
(z3)X
+
0,s(w)
=: X+1ǫ1,s(z1)X
+
1ǫ2,s
(z2)X
+
1ǫ3,s
(z3)X
+
0,s(w) :
∏
i<j
(zi − q
−1zj)(q
ǫi/2zi − q
ǫj/2zj)
ǫiǫj∏
i(zi − q
−1w)
.
Pulling out the common factor we get that
3∑
k=0
(−1)k
[3
k
]
i
X+1ǫ1,s(z1) · · ·X
+
1ǫk ,s
(zk)X
+
0,s(w)X
+
1ǫk+1,s
(zk+1) · · ·X
+
1ǫ3,s
(z3)
= F
(
(z1 − qw)(z2 − qw)(z3 − qw) + [3]1(z1 − qw)(z2 − qw)(w − qz3)
+[3]1(z1 − qw)(w − qz2)(w − qz3) + (w − qz1)(w − qz2)(w − qz3)
)
.
= F · (q−1 − q)
(
w2(z1 − (q + q
2)z2 + q
3z3) + w(z1z2 − (q + q
2)z1z3 + q
3z2z3)
)
,
where F =: X+1ǫ1(z1) · · ·X
+
0 (w) :
∏
1≤i<j≤3
(zi−q
−1zj)(q
ǫi/2zi−q
ǫj/2zj)
ǫiǫj
∏
1≤i≤3
(zi−q−1w)(w−q−1zi)
q−3. Now consider the ac-
tion of S3 defined by σ(zi, ǫi) = (zσ(i), ǫσ(i)). The factor F excluding
∏
1≤i<j≤3
(zi − q
−1zj) is
antisymmetric under the action of S3. Recall the following identity [20]:∑
σ∈S3
(−1)l(σ)(z1 − (q + q
2)z2 + q
3z3)(z1 − q
−1z2)(z1 − q
−1z3)(z2 − q
−1z3) = 0.
Replacing zi by (z1z2z3)/zi and factoring out an appropriate factor, we also have the following
identity∑
σ∈S3
(−1)l(σ)(z2z3 − (q + q
2)z1z3 + q
3z1z3)(z1 − q
−1z2)(z1 − q
−1z3)(z2 − q
−1z3) = 0.
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Using these two identities, we have proved the following equation:
Sym
m=3∑
k=0
(−1)k
[m
k
]
1
X±1ǫ1,s(z1) · · ·X
±
1ǫk ,s
(zk)X
±
0,s(w)X
±
1ǫk+1,s
(zk+1) · · ·X
±
1ǫm,s
(zm) = 0,
where Sym runs through the action of Sm on (zi, ǫi), and this then implies (2.10).
For the last relation, without loss of generality, we take i ∈ Ia in the “+” case as an example.
Note that for s 6= s′
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)X
−
iǫ,s′(w) =: X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)X
−
iǫ,s′(w) :
·
∏
1≤i<j≤3
(zi − zjq
−1)(ziq
ǫi/2 − zjq
ǫj/2)ǫiǫj(z1z2z3)
−1(zǫ11 z
ǫ2
2 z
ǫ3
3 )
ǫ.
When wemoveX−iǫ,s′(w) acrossX
+
iǫi
(zi) to the left, the contraction function only changes in the
last three factors respectively to (z1z2w)
−1(zǫ11 z
ǫ2
2 w
ǫ3)ǫ, (z1w
2)−1(zǫ11 w
ǫ2+ǫ3)ǫ, and (w3)−1(wǫ1+ǫ2+ǫ3)ǫ.
Then we have that
lim
zk→w
∑
ǫ,ǫj∈{±}
(
X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)X
−
iǫ,s′(w)
−[3]iX
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)X
−
iǫ,s′(w)X
+
iǫ3,s
(z3)
+[3]iX
+
iǫ1,s
(z1)X
−
iǫ,s′(w)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)
−X−iǫ,s′(w)X
+
iǫ1,s
(z1)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)
)
= lim
zk→w
∑
ǫ,ǫj∈{±}
: X+iǫ1,s(z1)X
+
iǫ2,s
(z2)X
+
iǫ3,s
(z3)X
−
iǫ,s′(w) :
∏
1≤i<j≤3
(ziq
ǫi/2 − zjq
ǫj/2)ǫiǫj
×(zi − zjq
−1)
(
(z1z2z3)
−1(zǫ11 z
ǫ2
2 z
ǫ3
3 )
ǫ − [3]i(z1z2w)
−1(zǫ11 z
ǫ2
2 w
ǫ3)ǫ
+[3]i(z1w
2)−1(zǫ11 w
ǫ2+ǫ3)ǫ − (w3)−1(wǫ1+ǫ2+ǫ3)ǫ
)
= 0.
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